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Abstract 

In the jet bundle description of Field Theories (multisymplectic models, in particular), there 
are several choices for the multimomentum bundle where the covariant Hamiltonian formalism 
takes place. As a consequence, several proposals for this formalism can be stated, and, on 
each one of them, the differentiable structures needed for setting the formalism are obtained in 
different ways. In this work we make an accurate study of some of these Hamiltonian formalisms, 
showing their equivalence. In particular, the geometrical structures (canonical or not) needed for 
the Hamiltonian formalism, are introduced and compared, and the derivation of Hamiltonian 
field equations from the corresponding variational principle is shown in detail. Furthermore, 
the Hamiltonian formalism of systems described by Lagrangians is performed, both for the 
hyper-regular and almost-regular cases. Finally, the role of connections in the construction of 
Hamiltonian Field theories is clarified. 



Key words: Jet bundles, Connections, First order Field Theories, Hamiltonian formalism. 

AMS s.c. (2000): 53C05, 53C80, 55R10, 55R99, 58A20, 70S05. 

PACS (1999): 02.40.Hw, 02.40.Vh, ll.lO.Ef, 45.10.Na 



'e-mail: MATMCML@MAT.UPC.ES 
1"e-TOoiZ: MATNRR@MAT.UPC.ES 



A. Echeverri'a-Enriquez et al, Geometry of Multisymplectic Hamiltonian. 



Contents 



1 Introduction 



2 Geometrical background of the Lagrangian and Hamiltonian formalisms 



2.1 Lagrangian systems 4 

O Multimomentum bundles and Legendre maps 5 

10 



2.3 Canonical forms 



2.4 Regular and singular systems] 11 



3 Hamiltonian formalism in the reduced multimomentum bundle) 



14 



3.1 Hamiltonian systems] 14 



3.2 Hamiltonian sections, Hamiltonian densities and connections 17 



3.3 Variational principle and field equations 19 



3.4 Hamiltonian system associated with a hyper-regular Lagrangian system 23 



3.5 Hamiltonian system associated with an almost-regular Lagrangian system 26 



3.6 Equivalence between the Lagrangian and Hamiltonian formalisms 29 



4 Hamiltonian formalism in the restricted multimomentum bundle J^vr*. Relation 



with the formalism in D 



32 



4.1 Hamiltonian systems] 32 



4.2 Hamiltonian system associated with a hyper-regular Lagrangian system 35 



4.3 Hamiltonian system associated with an almost-regular Lagrangian system] 37 



5 Examples] 



5.1 Non- autonomous Mechanics 



39 

39 



5.2 Electromagnetic field (with fixed background) 40 



6 Conclusions 



43 



A Geometrical structures in first-order jet bundles 



45 



A. Echeverri'a-Enriquez et al, Geometry of Multisymplectic Hamiltonian. 



2 



1 Introduction 



The application of techniques of differential geometry to the study of physical theories has been 
revealed as a very suitable method for better understanding many features of these theories. In 
particular, the geometric description of classical Field Theories is an area of increasing interest. 

The standard geometrical techniques used for the covariant Lagrangian description of first-order 
Field Theories, involve first order jet bundles J^E —* E ^ M and their canonical structures (see. 



for instance, |11|, and references quoted therein). Nevertheless, for the covariant Hamiltonian for- 
malism of these theories the situation is rather different, and there are different kinds of geometrical 
descriptions for this formalism. For instance, we can find models such as those described in [P, 

and [^], where the essential geo- 
, [29 1 and iQ, where use is made 




[ p^ ] and [47 1, which use k-symplectic forms, or in [^], |4C 
metric structure are the k-cosymplectic forms, or also as in 
of polysymplectic forms (in fact, fc-symplectic, /c-cosymplectic and polysymplectic structures are 
essentially equivalent objects). In this work, we consider only the multisymplectic models Q, |p, 
[p^], p7| , p^ , [Q], [45 1, and depending on the choice of the multimomentum phase space there are 
different ones. In fact: 



There are some models where the multimomentum phase space is taken to be Mir = A'^T*E, 
the bundle of m-forms on E (m being the dimension of M) vanishing by the action of two 
vr-vertical vector fields. This choice is made in works such as [E2i, [^[ and [E3[, as a refinement 



of the techniques previously given in [31[, [^ and (see also [Q and [^[ ) 



The multimomentum phase space J^vr* = A™T*i?/A™T*i? (where A'q'T*E is the bundle of 
TT-semibasic m-forms in E) has been studied in [^ and used, later on, in [29|, \3t] and [37] 
for the analysis of different aspects of Hamiltonian Field Theories. 

Finally, in @, [|l6|, [0], [||], [||], Q and [||] the basic choice is the bundle U = 7r*TM O 
V*(7r) (g) 7r*A™T*M (here V*(7r) denotes the dual bundle of the vr-vertical subbundle V(7r) of 
TE) which, in turn, is canonically related to J^E* = 7r*TM ® T*^; (g) 7r*A™T*M. 



Although in [^3|[ (and later papers by these authors), a covariant Hamiltonian formalism is 
constructed in Ain, in most of the works, this multimomentum bundle is not really used in order 
to establish a Hamiltonian formalism on Mtt, but just for defining canonical differential struc- 
tures which, translated to J^E and J^tt*, are used for setting the Lagrangian and Hamiltonian 
formalisms, respectively. The choice of J^vr* or H as multimomentum phase space allows us to 
state covariant Hamiltonian formalisms for Field Theories. Nevertheless, none of them have canon- 
ical structures, so the Hamiltonian forms of the Hamiltonian formalism must be obtained from 
the canonical forms of the multicotangent bundle A"^T*E. This is done by using sections of the 
projection Alvr J^vr*, (or J^E* — > H) which are called Hamiltonian sections [Q, or the so-called 
Hamiltonian densities [0, [p9| . To our knowledge, a rigorous analysis comparing these formula- 
tions and their equivalence has not been done. The aim of this work is to carry out a comparative 
study of some of these Hamiltonian formulations, establishing the equivalence between them. In 
every case, the geometrical structures needed for setting the field equations in the Hamiltonian 
formalism are introduced, as well as the corresponding Legendre maps when the multimomentum 
bundles are related to a Lagrangian system. 

The question of whether the use of connections in the bundle n: E — > M is needed for the 
construction of the covariant formalisms in Field theories is studied. It was analized for the first time 
in [|6|, where a connection was used to define Hamiltonian densities in the Hamiltonian formalism, 



and in [11] for the case of the density of Lagrangian energy in the Lagrangian formalism. In this 
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work we make a deeper analysis on the role played by connections in the construction of Hamiltonian 
systems. 

An obvious subject of interest is the statement of the Hamiltonian field equations. In all the 
multisymplectic models field equations are obtained by characterizing the critical sections which 
are solutions of the problem by means of the multisymplectic form Q, |11|, |15|, [21]. This char- 



acterization can be derived from a variational principle: the so-called Hamilton principle in the 
Lagrangian formalism and Hamilton-Jacobi principle in the Hamiltonian one. Nevertheless, this 
aspect of the theory is overlooked in many papers. We give an accurate derivation of the Hamilto- 
nian equations starting from the Hamilton-Jacobi principle, and the role played by connections in 
the statement of covariant Hamiltonian equations is discussed. 

An important kind of Hamiltonian systems are those which are the Hamiltonian counterpart of 
Lagrangian systems. The construction of such systems starting from the Lagrangian formalism is 
carried out by using a Legendre map associated with the Lagrangian density and the corresponding 
multimomentum bundle. This problem has been studied by different authors in the (hyper) regular 
case (see, for instance, P, |5^]), and in the singular (almost-regular) case [|^. In 

this work we review some of these constructions, developing new methods, and giving a unified 
perspective of all of them. 

The structure of the work is as follows: 



Section 2 is devoted to a review of the main features of the Lagrangian formalism of Field 
theories, and afterwards the definition of the different multimomentum bundles for the Hamiltonian 
formalism, as well as the construction and characterization of the canonical forms with which 
some of them are endowed. Furthermore, when these multimomentum bundles are related with a 
Lagrangian system, the corresponding Legendre maps are introduced for both the (hyper)-regular 
and the almost-regular cases. 

In section 3, we undertake the construction of Hamiltonian systems in the multimomentum 
bundle H. As a first step, we will define the Hamiltonian forms which allow us to set the field 
equations in an intrinsic way. Since H has no canonical geometric form, we must use the canonical 
forms with which A4tt and J^E* are endowed. Ways of constructing Hamiltonian systems are 
studied and compared, and in this multimomentum bundle we make a careful deduction of the 
Hamiltonian equations from the variational principle. In addition, the Hamiltonian formalism 
associated to a Lagrangian system is developed, both for the hyper-regular and almost-regular 
cases. Finally, the equivalence between the Lagrangian and Hamiltonian formalisms is proved (for 
the hyper-regular case). 

The construction of Hamiltonian systems in the multimomentum bundle J^vr* is stated and an- 
alyzed in Section 4, following the same pattern as in the above section, and proving the equivalence 
between the formalisms developed for both multimomentum bundles. 

As typical examples, time-dependent mechanics and the electromagnetic field are analyzed (in 
this context) in Section 5. 

An appendix describing the basic geometrical structures in first-order jet bundles is included. 

All manifolds are real, paracompact, connected and C°°. All maps are C°°. Sum over crossed 
repeated indices is understood. Throughout this paper ir: E ^ M will be a fiber bundle (dim M = 
m, dim E = N + m), where M is an oriented manifold with volume form lo € Q^{M), and 
TT^: J^E E will be the jet bundle of local sections of vr. The map vf^ = ttott^: J'^E — > M defines 
another structure of differentiable bundle. We denote by V(7f^) the vertical bundle associated with 



A. Echeverri'a-Enriquez et al, Geometry of Multisymplectic Hamiltonian. 



4 



7t^, that is, V(7f-'^) = KerTTf-*^, and by X^^^ \j^E) the corresponding sections or vertical vector 
fields. Finally, {x'^,y^,v^) (with = l,...,m; A = 1,...,N) will be natural local systems of 
coordinates in J^E adapted to the bundle vr: — > M, and such that to = dx^ A ... A dx™ = d^x. 



2 Geometrical background of the Lagrangian and Hamiltonian 
formalisms 

2.1 Lagrangian systems 

Prom the Lagrangian point of view, a first-order classical Field Theory is described by its configura- 
tion bundle vr: — > M, and a Lagrangian density which is a vf^-semibasic m-form on J^E (see the 
appendix for notation and terminology). A Lagrangian density is usually written as C = £{-7r^*u!), 
where £ G C°°(J^£') is the Lagrangian function associated with C and w. The Poincare-Cartan 
m and [m + l)-forms associated with the Lagrangian density C are defined using the vertical 
endomorphism V of the bundle J^E: 

ec:=i{V)£ + C = 9c + C€n"'{J^E) ; := -dQc e n"^+\j^E) 

In a natural chart in J^E we have 

Qc = ||dy^ A d- V - (11^;.^ - i:) 

= -Tr^^d<Ad/Ad'"-ix,--^^dy^Ad/Ad— 

,v^dv^ A d-x + f ,^v^ - 14 + A d-x 



(See, for instance, Q, [|r^], |^, [g^] and |Q, for details). Then a Lagrangian system is a 
couple (J^£^, f^£). 

As we can see, the factor = . v^ — £ appears in the local expression of the Poincare-Cartan 

dv{; 

(m + l)-form, and it is recognized as the classical expression of the Lagrangian energy associated 
with the Lagrangian function £. In fact, the existence of such a function as a global object, and by 
extension a density of Lagrangian energy, is closely related to the existence of a connection in the 
bundle n: E ^ M, in the same way that happens in non-autonomous mechanics As shown in 
[pT|], we can define the density of Lagrangian energy using the vertical endomorphisms in J^E. In 
fact, given a connection V in tti-E — > M, we can identify V*(7r) as a subbundle of T*E. Then the 
operation iS^ — V makes sense, where <S and V are the vertical endomorpliisms of the bundle J^E, 
and iS^ denotes the action of S followed by the injection of V*(7r) in T*E induced by V (see the 
appendix). Therefore: 

Definition 1 Let {J^E, Q,c) be a Lagrangian system and V a connection in the bundle tt: E ^ M. 
The density of Lagrangian energy associated with the Lagrangian density C and the connection V 
is given by 

£j = i{s^ - v)dc -c = i{s^)dc -ec = Qc-Qc 

It is a TT^ -vertical m-form in J^E. Hence, we can write £^ = E^ (vf^*^;), where E^ € C°°{J^E) is 
the Lagrangian energy function associated with C, V and to. 
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Remark: 

• Note that every connection V in vr: iiJ — > M allows us to split the Poincare-Cartan forms as 

&€ = &!-£! , nc = -dej + dsj ^nj + d£j 

Using natural systems of coordinates, and being the component functions of the connection, 
we have the following local expressions 

Observe also that if we take a local connection with i"'^ = 0, then the Lagrangian energy associated 
with this natural connection has the classical local expression given above. 

A variational problem can be posed from the Lagrangian density C, which is called the Hamilton 
principle of the Lagrangian formalism: the states of the field are the sections of tt which are critical 
for the functional L: Tc{M, E) ^ R defined by 

L(0) := / (jV)*^ , , for every G r,{M,E) 
JM 

where Tc{M,E) is the set of compact supported sections of vr. These (compact-supported) critical 
sections can be characterized in several equivalent ways. In fact (see [0, jl^, |Q and [^): 



Theorem 1 The critical sections of the Hamilton's principle are sections (f>: M ^ E whose canon- 
ical liftings j^cp: M J^E satisfy the following equivalent conditions: 



{j (f>t)*jO = , being cj)t = atO(f), where {at} denotes a local one-parameter group of 
any n-vertical vector field Z € X{E). 



2- f {j^4>T Uj^Z)£ = ,for every Z G X^^^'^E). 

JM 

3. f {j'<l>rUj'Z)ec = , for every Z gX''^''\e). 
JM 

4. {jHri{j^Z)nc = 0, for every Z G X^^^\e). 

5. {j^^Y i(X)Qc = , for every X G X{J^E). 



d£ 



6. The coordinates of (f) satisfy the Euler-Lagrange equations: -^—^ -t ^ ~ "o37"T~4 -i _i ~ ^ (f'^''^ 



d d£ 



A = 1,...,N). 



2.2 Multimomentum bundles and Legendre maps 



(See 1 13] for a more detailed study of all these constructions). 



Let y G J'^E, with y ^ y x. We have that TyJ^E = Vyir^ is canonically isomorphic to 
T*M VyTT, by means of the directional derivatives; therefore V(7r^) = 7f^*T*M ^jie 7r^*V(7r). 
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Moreover, if D C TJ^E denotes the subbundle of total derivatives (which in a system of natural 
coordinates in J^E, is generated by 



d 



d 



dx'^ ^ dyA 



I ), we have that -n'^*T:E = ■k^*\{tt) © V with 



TyE\- = ^yT^\y®T^y (see [53| for details). Hence there is a natural projection a: tt TE vr V(7r 
and its dual injection o"*: 7r^*V*(7r) ■7t^*T*E and so we can consider the projection 

7f^*T*M 7r^*V(7r) = V(7r^) 



In a natural chart {x'^,y^) adapted to the bundle tt: E ^ M, the local expression of this 
mapping is 



_d_ 



d 



a 



d 

dy^ 



d 
dy^ 



y y 



and, if {C^} is the dual basis of |^~4| V*!^)) we have that cr*{C^) = dy^ — v^dx 

Now let {J^E,Qc) be a Lagrangian system, and consider the restriction Cy-.JyE A'^T*M. 
Its differential map at y G J^-E is 



DyCy-.TyjlE ^Tc^^y)K^TlM 

(which, bearing in mind that A™'T*M is a vector space, it is just the vertical differential of C). 
Thus, using the defined projection cr, we have 



TyJlE = Vj^vri ~ (T*M ® \y7:)y 



D-C 



(A™T*M)^ 



Id (g) 



(T*M ® TyE\ 



Definition 2 1. The bundle (over E) 

J^E* := -K*TM (S)E T*£; 7r*A™T*M 

is called the generalized multimomentum bundle associated with the bundle 7r:i? — > M. We 
denote the natural projections by J^E* — > E and p := n o p^: E* ^ M . 

2. The generalized Legendre map associated with a Lagrangian density C is the C°°-map 

F£ : J^E -> J^E* 

y 1-^ Dy^y ° (W '^)y 

(We have departed a little from the notation in this definition, because a acts on 'it'^*TE, and 
not on TE. Then, given y £ J^E, the right way consists in taking TyE and lifting it to y). 

Natural coordinates in J^E* will be denoted by (x*^, y"^, pJJ, p^), and for every y G J^E*, with 
y ^ y ^ X, we have 

^ - (p:;(y)dx^ + p^(y)dy-^),0d-x|. 



dx 
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and the local expression of the generalized Legendre map is 



Now, let y G J^E with y^y^x . We define the map Cy-. J^E — > A™T*M as Cy := C\jie ■ 
It is a C°°-map of the affine space JyE, modeled on T^M 0Yy{Tr), with values on A"*T*M. Then, 
the tangent map TyjCy allows us to construct the following diagram (where the vertical arrows are 
canonical isomorphisms given by the directional derivatives) 



TyJ^E > T£^(,-)A-T*M 



i-yl-'y 



T-C 

J-yJ-^y 



T*M®Vy7r y A™T*M 

Hence, taking into account these identifications, we have that TyCy is an element of T^M(2)V*(7r)(8) 
A'"T*M, and so, bearing in mind the analogy with classical mechanics, we define: 

Definition 3 1. The bundle (over E) 

n := 7r*TM ®b V*(7r) ®b 7r*A"*T*M 

is called the reduced multimomentum bundle associated with the bundle tt: E ^ M. We 
denote the natural projections by p^:Il ^ E and := tt o p^-.H ^ M. 

2. The reduced Legendre map associated with a Lagrangian density C is the C°°-map 

¥C : J^E -> n 
y ^ "^y^y 

Natural coordinates in 11 are denoted by {x^ ,y^,p'^), and for every y G 11 with y ^ y —>■ x, 

(We have departed from the notation by denoting the momentum coordinates in 11 and J^E* with 
the same symbol, p^,. This departure will be repeated frequently throughout the work). 

The local expression of the reduced Legendre map is 

¥C*x- = x- , F£V = y^ , F/:*p^ = ^ (2) 

If we recall that J'^E* := 7:*TM (g)T*E (g)TT*A"^T*M , then the natural projection T*E V*(7r) 
(which is the transpose of the natural injection V(7r) ^ TE) induces another one 

6:J'^E* — > n 



Proposition 1 The natural map S is onto, and FjC = S o FC. 
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Furthermore, we can introduce the fohowing map: 

Definition 4 The canonical contraction in J^E* is the map 

l: J^E* = 7r*TM ® T*E ® 7r*A'"T*M — > A"T*S 
defined as follows: i{y) := A vr* i{uk)(3, for every y = Uk ® ^ P ^ J^E* . 

In a chart of natural coordinates in J^E*, we have that 

^y) = (p;;(y)dx'' + p''A{y)dy% a i (^^) d-x|^ = {p:{y)d^x + p'^Ayyiy^ a d™-^x,), (3) 

m 

(let us recall that denotes ^ pj;^ ) . 

For every y E E, we have that 

/.(Ji^*)^, = {7 G A'^T;^ ; i{ui) i{u2)7 = , ui, U2 E Vj,(7r)} = A^^TJS 

We win denote io: J^E* l{J^E*) = Af T*^ = UyeEiiv^a) ; a G Af T,*E} the restriction of i 
onto its image. 

Definition 5 1. The bundle (over E) 

Mir := A'^T*E 

will be called the extended multimomentum bundle associated with the bundle tt: E ^ M . 
We denote the natural projections by f^: TWvr E and f : A4tt — > M . 

2. The (first) extended Legendre map associated with a Lagrangian density C is the C°°-map 
The (second) extended Legendre map is the C°°-map T L: J^E M.-K given by 

^ = fc + ^*c 

Natural coordinates in M-n are denoted by {x^ ,y'^ ^p^p^^^, and for every y G J^E* we have 
L:y={x ,y ,Pa,pI) ^ V = [x ,y ,Pa>P=Pz.) 
The local expressions of the extended Legendre maps are 

^V = x^ , ^*y^ = y'' , ftp\ = ^ , rc*p = -v^-l^ 
TCx^ = x'^ , TCy^ = y^ , TCp'X = §^ , TCp=£-vf§^ 

Remarks: 



It can be proved g], |]J that Mtt = Af T*S is canonically isomorphic to Aff( J^^;, A™T*M). 
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• It is interesting to point out that, as Qc and 6c can be thought of as m-forms on J^E along 
the projection vr^: J^E E, the extended Legendre maps can be defined as 

{TCmiZl,...,Zm) = {ec)y{Zl,...,Zm) 
{TC{y)){Zl,...,Zm) = {Qc)y{Zl,...,Zm) 

where y € J^E, Zi, . . . , Zm € T^i(j^)ii^, and Zi, . . . , Zm G Ty.PE are such that Tyir^Zi, = Zy. 
In addition, the (second) extended Legendre map can also be defined as the "first order 



vertical Taylor approximation to £" g], [24|. 



For the construction of the last multimomentum bundle, observe that the sections of the bundle 
l'"T*M ^ E are tt 
7r*A™T*M, and then: 



7r*A'"T*M E are the vr-semibasic m-forms on E\ therefore we introduce the notation Ao*T*i? 



Definition 6 1. The bundle (over E) 

J^TT* := A'!;'T*E/A]^T*E = Mtt/A'S'T*E 

will be called the restricted multimomentum bundle associated with the bundle tt: E ^ M. 
We denote the natural projections by r^: J^vr* E and := vr o r^: J^tt* M. 

2. The restricted Legendre map associated with a Lagrangian density C is the C°°-map 

T L := /z o TL = [lo TL 

where [i: Ain — > J^ir* is the natural projection. 

Natural coordinates in J^tt* will also be denoted as {x^ , y"^ , p'^) . As is evident in this system, 
the local expression of the restricted Legendre map is 

TCx- = x- , TCy^ = y^ , = ^ (5) 



Tlieorem 2 The multimomentum bundles J tt* and 11 are canonically diffeomorphic as vector 
bundles over E, and denoting this diffeomorphism by ^: J^tt* — > 11, therefore FC = J-C o tp'. 



( Proof ) Consider the diagram 



n 



E 



We have that the maps fioiQ and 6 are sobrejective, linear on the fibers, and restrict to the identity 
on the base. On the other hand, for every y £ E, we have that ker 5y = ker (/i o iQ)y (as can be 
shown from the corresponding expressions in coordinates). Hence we conclude that J^vr* and 11 
are canonically isomorphic as vector bundles over E. 
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(See for another version of this proof, and an explicit construction of ■ 

n and J^TT* are fiber bundles over E, then iP' is a fiber-diffeomorphism (it is the identity on the 
base), whose local expression in natural coordinates in J^vr* and IT is 

^*x'' = x'^ , ^*yA = VA , ^*Va = Pa ; (Vi^, A) 
2.3 Canonical forms 

As is known the multicotangent bundle A"^T*E is endowed with canonical forms: & G 
^^""(A^T*^;) and the multisymplectic form Q := -d@ G f2"'+'^ {A'^T* E) . Then: 

Definition 7 The canonical m and {m + 1) forms of J^E* are 

Q = L*@e Q'^iJ^E*) , := -dG = i*n G Q'^'+^iJ^E*) 



On the other hand, observe that Mt: = A™T*£' is a subbundle of the multicotangent bundle 
A™T*E. Let 

\:K^T*E ^ A"'T*E 
be the natural imbedding (hence Xo lq = l). Then: 

Definition 8 The canonical m and (m+1) forms o/Mtt (inultimomentum Liouville m and (m+1) 
forms of A4tt) are 

G := A*e G I?™(M7r) , Q = -dO = \*n e n'^+^MTr) 



• Of course, G = LqQ and Q = Lq^I. 

• is 1-nondegenerate, and hence (Aiir, Q) is a multisymplectic manifold. 

The canonical forms Q and G can also be characterized as follows (see [^]): 

• G is the only m-form in J^E*, such that if y G J^i?*, and Xi, . . . , X.^ G TyJ^E*, then 

Q(y ; Xi , . . . , A„) = .(y ) [Ty pi ( Al ) , . . . , Typ' (A„)] 

• In turn, considering the natural projection k^: A™T*£' — > E, then 

Q{{y,a);Xi,. . .,Xm) ■■= a{y;T(^y^a)k^{Xi), . . . , T(j^^„)k1(A„)) 
for every {y,a) G Af T*£; (where y e E and a e Af T*^;), and Xi G X(Af T*^;). 
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Bearing in mind the following diagram 



Mtt 




E 



we observe that the map lq: J E* Mtt is a form along the projection p : J E* — > E. Then 



Lemma 16 = LqQ = p lq. 



( Proof ) Let y G J'^E*, and Xi, . . . , X„ € TyJ^E*. We have 

il@{y-X^,...,X^) = e(io(y);Ty/.o(^i),...,Ty.o(^m)) 

= (/^o(y)[Ty(fi O io)(Xl), . . . , Ty(fi O i^){X„,)] 

= {io{y){Typ\X,),...,Typ\X^)) = (pi*0(y;Xi,., 



In natural coordinates in J^E* and Ain, the local expressions of these forms are 

G = p^Jd'^x + p^dy^ A d'^-^x^ , Cl = -dp^ A d'^x - dp^ A dy^ A d™-^x^ 
e = pd^x + p^dy^ A d'^-^x^ , n = -dpA d'^x - dp\ A dy^ A d'^'^Xy 



Proposition 2 Let {J^E, Q^) be a Lagrangian system. Let FC be the generalized Legendre map, 
and and TL the extended Legendre maps. Then 



F£ Q = Qc-C = 9c 
= ec-jC = 9c 



FC n = nc-d£ = -dOc 



2.4 Reguleir and singuleir systems 
Definition 9 Let {J^E, O^) be a Lagrangian system. 

1. {J^E, Uc) is said to be a regular or non-degenerate Lagrangian system if J^C, and hence, FC 
are local dijfeomorphisms. 

As a particular case, {J^E,Q,c) 'is said to be a hyper-regular Lagrangian system if J^C, and 
hence FC, are global diffeomorphisms. 

2. Elsewhere {J^E, Qc) is said to be a singular or degenerate Lagrangian system. 
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The matrix of the tangent maps J^£* and in a natural coordinate system is 

/Id 

Id 

I d^£ d^£ 



where the sub-matrix 




is the partial Hessian matrix of £. Then, the regularity condition 



is equivalent to demanding that this matrix is regular everywhere in J E. This fact establishes 
the relation to the concept of regularity given in an equivalent way by saying that a Lagrangian 
system {J^E,Qc) is regular if Qc is 1-nondegenerate. (See also ^ for a different definition of this 
concept). 




Proposition 3 (See [13[ and [^]). Let [J E,VLc) be a hyper-regular Lagrangian system. Then 

1. FC{J^E) is a -codimensional imbedded submanifold of J^E* , which is transverse to the 
projection 6. 

2. J-C{J^E) and J-C{J^E) are 1-codimensional imbedded submanifolds of Adit, which are trans- 
verse to the projection fi. 

3. The manifolds J^tt* , TC{J^E), ^{J^E), FC{J^E) and H are diffeomorphic. 

Hence, FC, T C. and T C. are diffeomorphisms on their images; and the maps /i, restricted to 
TC{J^E) or to J^C{J^E), and lq and 6, restricted to FC{J^E), are also diffeomorphisms. 



In this way we have the following diagram 




where the map fi': A4tt — > Aiir is defined by the relation 

fx' := T L o T Cr^ o /i 

and it satisfies that ^o/i' = ^. Observe also that the restriction ^x' : T C{J^ E) C Mtt ^ T C{.J^ E) C 
A^TT, is a diffeomorphism, which is also defined by the relation = fj,' o T C. 

For dealing with singular Lagrangians, we must assume minimal "regularity" conditions. Hence 
we introduce the following terminology: 
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Definition 10 A singular Lagrangian system {J^E,Q£.) is said to he almost-regular if: 

1. V := J-C{J^E) and P := FC{J^E) are closed submanifolds of J^tt* and H, respectively. 
(We will denote the corresponding imbeddings by jq: V ^ J^tt* and jq: P H). 

2. TL, and hence F£, are submersions onto their images (with connected fibers). 

3. For every y € J^E, the fibers J^C^^{TC{y)) and hence F£~^(F£(y)) are connected subman- 
ifolds ofJ^E. 



(This definition is equivalent to that in reference [37|, but slightly different from that in refer- 
ences and H). 



Let {J^E,Qjr) be an almost-regular Lagrangian system. Denote 

V:=TC{J^E) , V:=TC{J^E) , P:=¥C{J^E) 

Let %: V ^ A^TT, Jq: V ^ A^vr, jq: P ^ J^E* be the canonical inclusions, and 

fi:V^V , fi-.V^V , iQ-.P^V , 6:P^P , %:V^P 

the restrictions of the maps lq, 5 and the diffeomorphism respectively. Finally, define the 
restriction mappings 

TCo: J^E V , TCq: J^E V , fCo- J^E V , fZq: J^E P , F^q: J^E P 

Proposition 4 (See Let {J^E,Q£) be an almost-regular Lagrangian system. Then: 

1. The maps iP'o and fi are diffeomorphisms. 

2. For every y £ J^E, 

JXo"\^o(y)) = TC,\j^Coiy)) = FC^HFCoiy)) (8) 

3. V and V are submanifolds of Mir, P is a submanifold of J^E* , and Jq'.V ^ Mir, jo'.V ^ 
M.TT, Jq: P ^ J^E* are imbeddings. 

4- The restriction mappings J-Cq, TCq and FCq are submersions with connected fibers. 



Thus we have the diagram 



J^E 



V 




V 



V 




1^0 



P 



Jo 



30 



Jo 



Jo 



Mtt 



Mtt 

1^0 

J^E* 
5 



(9) 
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where fi'-.V V is defined by the relation jl' := fl ^ o fi. 

The maps fi and jl' are not diffeomorphisms in general, since rank^£o ^ rank^£o = rank^jCo) 
as is evident from the analysis of the corresponding Jacobian matrices. 

Proposition 5 Let {J^E, Qc) be an almost-regular Lagrangian system. Then: 
ker F£* = ker TC^ = keTj^C^ = ker Qc n X^^'''\j'^E) 



( Proof ) The first two equalities are immediate, since P := FC{J^E), V := J^C{J^E) and 
P := TC{J^E) are diffeomorphic. 

For the last equality, as FC, T L and TL are the identity on the basis E of the bundle tt^: J^E 
E, first we have that 

ker FC^ = ker J^C^ = kerTCc ?t^^^'\j^E) 
(and this relation holds also for the other Legendre maps). Then, for every X E ker TC.^ we have 

i{x)VLc = i{x){T£.*n) = T£.*[i{TX^x)n] = o 

and hence 

ker = ker TC^ = ker F£* C ker Qc n X^^'''\j^E) 

d 



Conversely, if X G in a natural system of coordinates in J^E we have X = 

and if, in addition, X £ ker Jl^, we obtain 

this is equivalent to demanding that ^ ^ = , and this is the condition which characterizes 
locally the vector fields belonging to ker F£* = ker = ker JF£^. (see (^). ■ 

3 Hamiltonian formalism in the reduced multimomentum bundle 

3.1 Hamiltonian systems 



(Compare this presentation with references ||17|], [^] and |49|] ) . 



The more standard way for constructing Hamiltonian systems in 11 consists in using sections of 
the projection 5, and it is similar to that developed in Q for the Hamiltonian formalism in J^tt* 
(which we will review later). Thus: 

Definition 11 Consider the bundle p^:Il M. 

1. A section hs: H — > J^E* of the projection 6 is called a Hamiltonian section of 6. 
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2. The differentiable forms 

Qhs ■■= hie = {lq o hsYQ , := -de;,, = h*sn = (to o hsyn 

are called the Hamilton-Cartan m and (m + 1) forms of U associated with the Hamiltonian 
section hs- 

3. The couple (11, 0;,,) is said to be a Hamiltonian system. 

Using charts of natural coordinates in 11 and J^E*, a Hamiltonian section is specified by a set 
of local functions HJJ eC°°{U),U C H, such that 

hs{x'',y^,p'X) = (x^/,p;^ = -i?:/(x^j/^,p^),p^) (10) 

Then, the local expressions of these Hamilton-Cartan forms are 

@hs = p^d/ A d^^-^x, - if/,,d"^x 

= -dp^i A dy^ A d"^-ix, + di?;,, A d"^x (11) 

where H^g = H'^ is a local Hamiltonian function associated with the Hamiltonian section hs- 

As to is a submersion, we can state the following: 

Definition 12 There is a natural equivalence relation in the set of Hamiltonian sections of 5, 
which is defined as follows: two Hamiltonian sections h^, kg are equivalent if lqo kg = lqo h^. We 
denote by {hs} the equivalence classes of this relation. 

Remarks: 

• Of course, Hamiltonian sections belonging to the same equivalence class give the same Hamilton- 
Cartan forms, and hence the same Hamiltonian system. 

• Observe that all the Hamiltonian sections of the same equivalence class have the same local 
Hamiltonian function H^^ = H^ (in the same open set U CiV). 

There is a relation between sections of n and of S. In fact: 

Proposition 6 There is a bijective correspondence between the set of sections of the projection 
/J,: Mtt — > J^TT* and the set of equivalence classes of sections of the projection 5: J^E* — > H. 

( Proof) In fact, this correspondence is established by the commutativity of the following diagram 
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that is, a section /i^: J^tt* — > A^vr and a class {hs}:Il — > J^£^* are in correspondence if, and only 
if, 

h^ = Loohso<Ir , for every hs G {hs} 
and this correspondence is one-to-one. ■ 

Now we can study the structure of the set of Hamilton-Cartan forms, and hence of Hamiltonian 
systems. So, for every Hamiltonian section hs of 6, consider the diagram 

Mtt 



n 




E 



vr 



M 



Lemma 2 Let /iJ,/i|:H J^E* be two Hamiltonian sections of 6, then: 

1. hfQ - hfe = {to o hiye - (^o o hjye = p^*{lo ohl-ioo hj). 

2. p^*{io o h\ — lqo hf) is a -semibasic form in H. 
( Proof) 

1. For every Hamiltonian section hs, the map lq o hs is a form along the map p^ o hs = p^. 
Therefore, following the same pattern as in Lemma |l|, we obtain that 

(to o hs)*Q = p^*{io ° hs) 
and hence the result is immediate. 

2. As ^opoiQ = 5, for every section hs we have that ^opoiQohs = Idn, then po{iooh\ — LQohf) = 
On, and therefore Im(to ° h\ — lqo G ker p = Aj^T*^' (that is, the p-'^-semibasic forms in 
H.) 



From the local expressions (I) and (0), for every y G [/ C H, we have 

(.0 oh\-i,o hj){y) = {H,^ - F,2)(y)d™x|j^ 

which is the local expression (at y) of a p^-semibasic form in H. In addition, this is also the local 
expression of the form 

(.0 o hl)*e - (.0 o hj)*e = e^i - = h (12) 

o o 
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Definition 13 A -semibasic form H E i7'"(n) is said to be a Hamiltonian density in U. 

It can be written as 11 = }l{p^ uj), where H G C°°(n) is the global Hamiltonian function 
associated with H and uj. 

In this way, we liave proved that two Hamiltonian systems generated by two Hamiltonian 
sections of 6 belonging to different equivalence classes, are related by means of a Hamiltonian 
density. We can state this result as follows: 

Theorem 3 The set of Hamilton- Cartan m- forms associated with Hamiltonian sections of 5 is an 
affine space modelled on the set of Hamiltonian densities in H. 



Remark: 



If (H, ^hj) is a Hamiltonian system, taking into account (12) we have that every Hamiltonian 
section h'^ (such that h'^ ^ {^<5}) allows us to split globally the Hamilton-Cartan forms as 

'^hs =Qh'^-^ ; ^h, = ^h'^ + dH (13) 

If {x'^ ,y^, p^) is a natural system of coordinates in H, such that p^*uj = d'^x, and Hf^i (x*^, y^, p^) 
is the local Hamiltonian function associated with the Hamiltonian section h'^, and H = 
H(x'^,?/^,p^)d'"x, then 

G;,, = p^dy^Ad"^-V-(H + i7;,.)d'"x 

VLh, = -dp^ A dy^ A d™-^^;^ + d(H + i/;,0 A d'^x (14) 



If Hh^ is the local Hamiltonian function associated with the Hamiltonian section /i^, we have 
the relation H = H^^ — H^^i^ (in an open set U). Hence, taking this into account, the local 
expressions (|ll]) and ([T^ ) are really the same thing. 



3.2 Hamiltonian sections, Hamiltonian densities and connections 

In order to obtain a Hamiltonian density using two Hamiltonian sections, it is usual for one of them 
to be a linear section induced by a connection. This is a natural procedure for different reasons. 
For instance, when we construct the Hamiltonian formalism associated with a Lagrangian system, 
the Hamiltonian density must be related with the density of Lagrangian energy and, as this last 
is defined by using a connection, this same connection must be used for constructing the related 



Hamiltonian density (see sections 3^ and |3 



Next, we are going to show how to define the linear Hamiltonian section induced by a connection. 
Hence, suppose that a connection V has been chosen in tt: — > M. It allows us to identify V*(7r) 
as a subbundle of T*E. So, if v^:\*{'k) — > T*E is the dual injection of the vertical projection 
induced by V. Then: 

Definition 14 The linear Hamiltonian section of 6 induced by the connection V is the map 
hj : n ^ 7r*TM <g) T*E (g) 7r*A™T*M := J^E* 

that is, hJ := IdT^^TM ® Mt^.a^t^m- 
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Remark: 

• Two linear sections hj^ and hj^ induced by two different connections Vi and V2 cannot 
belong to the same equivalence class of Hamiltonian sections, as can be proved comparing 
their coordinate expressions. 

If Q is the canonical m-form in J^E*, the forms 

Q^j:={LoohJr@ = hJ*Qen^{u) , ni,j:=-de^j = hJ*nen"'+Hm (is) 

o 00 

are the Hamilton-Cartan m and m + 1 forms of 11 associated with V. 
Remark: 

• It can be proved jl^ that the Hamilton-Cartan m-form associated with a connection V is 

the unique form 0^v G i7™(n) such that, if y G H and wi, . . . , Wm G T^H, then 

s 



= [p^*{LoohJ)]{y;wi,...,Wm) (16) 

that is, = p^*{i'0 o hj) 

s 

d 

If {x'^,y^,p'^) is a system of natural coordinates in H, and y = PA(y)^— ^ (8) C"^ ® d^x € H, 

/ d d 

taking into account the local expression of which, for a connection V = dx'^ ( — h r^—— 

\dx'^ oy^ 

is v^{C^) = dy^ - r^dx", we have that 

\y) = hJ (p-Aiy)-^ ® ^ "^""^Ihj/)) " P^^^^ 5^ ® ^"^^^ " ^'^'^^'^ ® "^""^ 
i^o ohJm = p:i(y)(d/Ad"-^x,-r,^d-x) 

Observe that lq restricted to the image of hJ is injective. Therefore 

e^^v = p^(d/ - rUx") A d^-^x. = p^d/ A d^^-^x. - p:4^.'^d'"x 

6 ' 

f]^v = -dpJi A dy^ A d'^-^x^ + r^^^dp^i A d'^x + p^dr^^ A d^x (17) 

s 

Now, given a connection V and a Hamiltonian section hs, from Lemma § we have that 

p^*{lo o ^7 - Lo o /i^) = (.0 o hjre - {lo o hsTo = e^v - e^, = hl*e - hfe ~ ™^ 



pHv) 



hs 



is a p -semibasic m-form in H. It is usually written as H^^ = H^^(pi'w), where H^^ G C°°(n) 
the global Hamiltonian function associated with HY and lo. 



IS 



Therefore, given a Hamiltonian system (H, fi/j^), taking into account (p!3|), we have that every 
connection V in vr: — > Af allows us to split globally the Hamilton-Cartan forms as 

ehs = @hj-B.l , nhs = -dehs = nj^j+dml (is) 

In a natural system of coordinates in H, such that p^*uj = d"^x, we write = H^^ {x'^ ,y^, p^)d™x, 
and 

G,, = p^idy^Ad— ix,-(H^^+p:4r,^)d-x 

flhs = -dp:^ A dy^ A d^-^x, + d(H^^ + p^iO A d™x (19) 
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Proposition 7 A couple {{hs},^) in 11 is equivalent to a couple (H, V) (that is, given a con- 
nection V, classes of Hamiltonian sections of 6 and Hamiltonian densities in H are in one-to-one 
correspondence ) . 

( Proof ) Given a connection in vr: ^ M, we have just seen that all the Hamiltonian sections 
belonging to the same equivalence class {hs} define a unique Hamiltonian density and, hence, 
the same Hamilton-Cartan forms. 

Conversely, given a Hamiltonian density H and a connection V, we can construct an equivalence 
class of Hamiltonian sections {hs} (which leads to the same Hamilton-Cartan forms), since, as 
H:n ^ Mtt takes values in ^ A™T*M, we have a map lq o hj — ^ Mtt. From the local 
expression of this map, it is easy to prove that there exists a local section hs of 5, such that 
lq o hs = iQ o hj — H. Then, using a partition of unity we can construct a global section fulfilling 
this condition, and hence a family of sections {hs} defined by the relation o hs = lq o hj — H. ■ 

As a direct consequence of this proposition, we have another way of obtaining a Hamiltonian 
system, which consists in giving a couple (H, V). In fact: 

Proposition 8 Let V he a connection in tt: E ^ M , and H a Hamiltonian density. There exist a 
unique class {hs} of Hamiltonian sections of 6 such that 

6 5 

Remark: 

• If it: EoM is a trivial bundle, then there is a natural connection (the trivial one). So, in 
this case, there is a bijective correspondence between Hamiltonian systems and Hamiltonian 
densities. 

This is the situation in classical non-autonomous mechanics ||^], Q, pO| ]. 
3.3 Variational principle and field equations 

Now we can establish the field equations for Hamiltonian systems. First we need to introduce the 
notion of prolongation of diffeomorphisms and vector fields from E to H. 

Definition 15 Let ^-.E^E he a diffeomorphism ofir-fiber bundles and ^m- M — > M the induced 
diffeomorphism in M. The prolongation o/ $ to H is the diffeomorphism H defined by 



Proposition 9 Let E ^ E be a diffeomorphism of fiber bundles, ^m'-M — > M its restriction 
to M and j^*^ its prolongation to H. Then 

1. o ji*<|) = <I) opi, pi o ji*<I) = (^j^i o . 

2. If^:E^Eis another fiber bundle diffeomorphism, then 
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3. j^*^ is a diffeomorphism of -bundles and p^-hundles, and 0'^*^>) ^ = ^. 



Definition 16 Let Z G X(£^) he a n-projectable vector field. The prolongation of Z to U is the 

vector field j^* Z whose local one-parameter group of diffeomorphisms are the extensions {j^*crt} of 
the local one-parameter group of diffeomorphisms {at} of Z. 

Now we can state: 

Definition 17 LetiJl,Q,hs) he a Hamiltonian system. LetVc{M.,Il) he the set of compact-supported 
sections of , and ip G Tc{M,Il). Consider the map 

H : Tc{M,U) — > M 

The variational problem for this Hamiltonian system is the search of the critical (or stationary) 

sections of the functional H, with respect to the variations of ip given by ipt = j^*(Jt ° "tp, where } 
is a local one-parameter group of every Z G 3i^^^\E) (the module of it -vertical vector fields in E). 

d 



/ ^re,, = o 

=0 Jm 



At 

This is the so-called Hamilton- Jacobi principle of the Hamiltonian formalism. 

Theorem 4 Let (11,0/1^) he a Hamiltonian system. The following assertions on a section G 
rc(M, n) are equivalent: 

L Ip is a critical section for the variational prohlem posed by @hs- 

2. [ rUj'*Z)ehs=0 , for every Z eX^^''\E). 
Jm 

3. ip* i{j^*Z)nh^ = 0, for every Z G X^^^^^). 
I ip* i{X)Qhs = 0, for every X G 3e(n). 

5. If {U;x'^ ,y'^,i>'^) is a natural system of coordinates in II, then ip = {x'^ ,y^{x'^),]i'^(x^)) in U 
satisfies the system of equations 

dy _ _ "t-A _ "'-ii'S ^20) 



which are known as the Hamilton-De Bonder- Weyl equations of the Hamiltonian formalism. 



( Proof) (1^2) If Z G X^^''\e) and at is a one-parameter local group of Z, we have 

/ {j'*atoipreH, = limyf/ iij'*^t o ipyOns - f V'*©/^,^ 
=0 Jm t \Jm Jm 

t^o t \Jm Jm 



d_ 
dt 



iimi(/ r[ij'cTtr@hs-Qhs]) = [ ruj'z)@h, 

t^o t \Jm J Jm 
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and the results follows immediately. 

(2 4^ 3) Taking into account that 



we obtain that 



Jm jm Jm 



'M JM JM 

and, as ip has compact support, using Stoke's theorem we have 

/ rdi{j^*z)ehs= f driU^*z)eh, = o 

JM JM 

hence / V* L{j^*Z)eh. = (for every Z £ X^^''\e)) if, and only if, / V* Z)nh, = , and, 

JM JM 
according to the fundamental theorem of variational calculus, this is equivalent to 

ri{j^*z)nh, = o 



(3 44> 5) Suppose that ip is a section verifying that ip* Z)^!.^^ = 0, for every Z S 

iakmg 



X^^'^Ve^). In a natural chart in H, if Z = /3^t— r , then j^* Z = 
into account the local expression of given in (|Tll), we have 



dy^ ' """^^ ' ^ dy^ ^^'dy^ dv\ 



i{j'*Z)Qhs = (dp-'A A d^-'x, + ^d-x) +Pb^ (dy"" A d™" ^x. 



dH, 



^* dp^ A d"x 



As V = (s;'^, /'^(x''), is a section of p^, then on the points of the image of ^ we have 

yA _ jAf^^Tj-^^ _ (^'^(^3;'?^^ and we obtain 



c 



9x,y 9pj4 



,5x^ y dy^ \dx^ ^ 

and, as this holds for every Z € '^^^\e), this is equivalent to demanding that 



d™x 



for every P {x'^,y ). Therefore 

^A ^ dH,^ 



dx'^ dy^ 



Prom the first equalities we obtain the first group of the Hamiltonian equations. For the second 
ones, let (W;x'^,y^,p'^) a natural chart, U = p^{W), and ip a critical section. Then, for every 
x E U we have 

dl3^ 



fdf^ 
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but, as there are critical sections passing through every point in W, we obtain that 



df3^ ( a/^ dH, 



hg 



= (for every B, u) 

ip(x) 



Now we can choose such that ^ . take arbitrary values, and then 

which is the second group of the Hamiltonian equations. The converse is trivial. 

(4 5) Suppose that V' is a section verifying that iIj* i{X)Q.h^ = 0, for every X G X(n). 

\i X = Oi'^-K—[; + f^^'^~A ~'~ '^'a^~!7 ) taking into account (PH), we have 
ox oy u'p A 



i{X)nh, = (-l)V(dp:4Ady^Ad'"-V-^dp:4Ad™~ix„ 



but as = (s^'^) /'^(s^'')) 9a(2^^)) is a section of p^, then on the points of the image of if: we have 
a" = /"(i"), Pli = 9^(a:'), and 



and, as this holds for every X E X(n), we obtain the Hamilton-De Bonder- Weyl equations. The 
converse is trivial. ■ 

Remark: 



• In relation to the equations (^), it is important to point out that they are not covariant, 
since the Hamiltonian function Hfig is defined only locally, and hence it is not intrinsically 
defined. 

In order to write a set of covariant Hamiltonian equations we must use a global Hamiltonian 
function, which can be obtained by introducing another Hamiltonian section h'^, with h'g 
{hs} (as we have seen in section |3.1| ). It is usual to take the section induced by a connection 
V in vr: ^ M, and hence we have the splitting given in ([l8| ) for the form ^hg- Then, if 
are the local component functions of V in [/ C H, starting from the local expression (1£), and 
following the same pattern as in the proof of the last item, we obtain for a critical section 
ijj = (x^, y'^(x''), p^(x'')) in U the covariant Hamiltonian equations: 



dy' 



dx'^ 



'9K 



+ n 



1 QyA 11 QyA 



IP 



Observe that, as H^^ = Hhg — p'^F^ (on each open set C/ C H, where H^g is the corresponding 
local Hamiltonian function), then from these last equations we recover the Hamilton-De 
Bonder- Weyl equations. (See for comments on this subject). 
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3.4 Hamiltonian system associated with a hyper-regular Lagrangian system 

It is evident that different clioices of equivalence classes of Hamiltonian sections of S lead to different 
Hamiltonian systems in H. The question now is how to associate (if possible) a Hamiltonian system 
with a Lagrangian system. The answer to this question is closely related to the regularity of the 
Lagrangian system. 

First, let {J^E,^lc) be a hyper-regular Lagrangian system. Then: 



Lemma 3 For every section hg-.U J^E* of 6, the relation 

h„ := ;u' o io o h5 o i^- 



defines a unique section of fj,, which is just h^ = J^C o J^C 



-1 



( Proof ) We have the diagram 





Idn 

H — ^ H 

Then, taking into account the commutativity of this diagram, we have 

h^ = //' O 6o O h^ O = J^C O T O /i O ig o h^ o i^' 

So h^ is independent of h^. 
Remarks: 



(21) 



• This result is to be expected, since J-C{J^E) is a 1-codimensional submanifold of A^vr, trans- 
verse to the projection ^, and hence it defines a section h^ of /i. This is just the natural section 
used in and |37] for associating a Hamiltonian system to a hyper-regular Lagrangian one 
(see section 4.2). 



• Observe that a natural section h^ of 5 can be selected by making 

h5 := F£oF£-^ 

or, what is equivalent, its associated class can be defined by 

lq o hs := JF£ o FC~^ , for every hs G {h^} 

Observe that this section h^ is just the inverse of 6 restricted to FC{J^E), and that lq o hs is 
a diffeomorphism. 
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Definition 18 Given a section h^:!! — > J^E* of 6, we define the Hamilton- Cartan forms 



Proposition 10 The Hamilton- Gartan forms are independent of the section hs, and 

FC*e^, = @c , FC*n^,=nc (22) 

Then, (11, Oh^) is the (unique) Hamiltonian system which is associated with the hyper-regular La- 
grangian system {J^E,Qc)- 

( Proof ) The independence of the section h^ is a consequence of lemma |^. Then, taking into 
account the commutativity of diagram (|2TD, and proposition ||, for every section h^, we have 

FC*ehg = FC*{i2' o to o hs)*@ = ifi' o io o h^ o F£)*e = TC*e = Qc 
and the same result follows for Oh^- ■ 

Using charts of natural coordinates in 11 and J^E*, and the expressions and (^) of the 
Legendre maps, we have that the natural Hamiltonian section h^ = FC o FC~^ has associated the 
local Hamiltonian function 

^h,(x^2/'^,p:4) = FC-'* {vu-^ -£)= PaFC-''v^ - F£-'*£ (23) 

and for the Hamilton-Cartan forms: 

Gh, = p''Ady'^Ad"'-'x^-{p''AFC-'*v^-FC-''£)d"'x 

fih, = -dp^ A d/ A d™-^x^ + dip'^^FC-'^^ - FC-'* £) A d'^x 

There is another way of obtaining this Hamiltonian system. In fact, suppose that a connection 

V is given in vr: — > M, and let h^ '-Fi — > J'E* be the induced linear section of 5. If we have used 

V for constructing the associated density of Lagrangian energy G Q"^{J'E) (see definition Q), 
the key is to define a Hamiltonian density € J7™'(n) which is F£-related with We can make 
this construction in two ways: 

Proposition 11 1. The m-form F£*0^v — Qc is tt' -semibasic and 

FC*e^v -Qc = £l (24) 

o 

2. There exists a unique Hamiltonian density G 17"* (H) such that 

FC*m^ = F£*e^v -Qc = £c (25) 

Let = H^(pi*cj), with H^ G C°°(n). Then, and H^ are called the Hamiltonian 
density and the Hamiltonian function associated with the Lagrangian system, the connection 
V and uj. 
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3. The Hamilton- Cartan forms of definition 18 split as 



(26) 



Proof ) 

1. Once again, it suffices to see it in a natural local system {x'^ , , v^) . Then, if i2 = £d"^x, 
taking into account the corresponding local expressions we have that 



and the result holds. The last part follows, recalling the local expression of the density of 
Lagrangian energy. Thus this form is vf^-semibasic. 

2. It is immediate, as F£ is a diffeomorphism. 

3. From (H) and (||) we obtain that 



F£*(e 



hY 



and therefore F£*r2h^ = too. Then, the result follows because FC is a diffeomorphism. 



Remark: 

• Notice that the item 1 holds even if FC is not a diffeomorphism. 

In a system of natural coordinates we have 

H^(x^/,p:4) = Pa{FJ^-'*v^ - r^) - FC-^*£ 

and thus FC*B^ = FJ. 

An alternative way is to obtain this Hamiltonian density using only Hamiltonian sections. 



Proposition 12 Consider the Hamiltonian section h^ = FC o FC ^ , and a connection V. Then 
we have that 

{lo o hjye - (/i' o to o hs)*e = 



and hence the splitting {2t) holds 



( Proof ) We have the following diagram 
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Observe that fx' o iQ ohs = T L o FC ^. Therefore, taking into account definition ^, Proposition ^, 
(15) and (25), we have 

(io o hJ)*Q - ifi' OLQO hs)*e = e^v - {FC-^)*TC*e = e^^v - (f£~^)*Qc = 

s s 
Then the result for the splittings of the Hamilton-Cartan forms follows straightforwardly. ■ 

Remark: 

• Note that the use of both extended Legendre maps is necessary for obtaining the Hamiltonian 
density in this way. 



As a final remark, all the results stated in section |3.3| in relation to the variational principle and 
the characterization of critical sections are true. In particular, field equations are the Hamilton-De 
Bonder- Weyl equations (pO[), where the local Hamiltonian function Hi^^ is given by (|23|). 



3.5 Hamiltonian system associated with an almost-regular Lagrangian system 

Now, let {J^E,^}^) be an almost-regular Lagrangian system. Bearing in mind diagram (|9|), first 
observe that the submanifold jq: P ^ H, is a fiber bundle over E (and M), and the corresponding 
projections will be denoted Kq: P ^ E and Kq-. P M, satisfying that ojq = Kq and ojg = Kq. 



Proposition 13 The Lagrangian forms and Q/^, are FC-projectable. 
( Proof ) By Proposition ^, we have that ker = ker n 

X^("')(ji^). Then, for every 

X G kerF>C* we have that i{X)@c = 0, since Qc is a vr^-semibasic m-form, and in the same way 
L{X)Qc = 0. Therefore @c is F>C-projectable. 

As a trivial consequence of this fact, i{X)Qc = 0, and lj{X)Qc = 0, and therefore flc is also 
F£-projectable. ■ 

Definition 19 Given a section hg: P ^ P of 6, we define the Hamilton- Gartan forms 
0£ •= (Joo/i'otooh5)*G ; := (Jo o A' o io o h^)*^ 



Proposition 14 The Hamilton- Gartan forms and i}^ are independent of the section of 5, 

ns as 

and 

FC*,el = @c , FC*,nl = nc (27) 

Then (H, P, fi? ) is the unique Hamiltonian system associated with the almost-regular Lagrangian 
system {J^E, Clc). 
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( Proof) We have the following diagram 




Then, taking into account the commutativity of this diagram, and proposition for every section 
h^ of 5 we have that 

FC*M ^ = F/:*(Jo o fi' o io o hs)*Q = (Jo o /I' o to o h5 o FCo)*e 

= (Jo o ^o)*e = = 

and the same result follows for QjJ^. ■ 
Remarks: 



• Following the terminology of sections above, we have that all the sections hj belong to the 
same equivalence class. 

• In the particular situation that rankF/^o = rank.7^£o, we have that to is a diffeomorphism 
and, as the fibers of 6 are also the fibers of to, then so is 6. In this case there is only one map 
h^, which is just 6~^. 



As in the hyper-regular case, we can construct this Hamiltonian system using a connection. 
Thus, let V be connection in vr: — > M, and hJ:IL — > J^E* the induced linear section of 6. Let 
£^ G f2"'{J^E) be the density of La grangian energy associated with V (see definition |l|) . Then: 



Proposition 15 1. The density of Lagrangian energy S'^ is Y C-projectahle. 

2. The 7t^ -semibasic m-form Fi2*0^y — @c is FC-projectable and denoting = io® hj> 
have 

£^=FC*e^j-@c = FC*o@lj-@c 

3. There exists a unique pQ-semibasic form G f2^{P), such that 

F£S< = £l 

Let = YI^{pI*uj), with G C°°(P). Then and are called the Hamiltonian density 
and the Hamiltonian function associated with the Lagrangian system, the connection V and 
LO. Obviously we have that F£qHq^ = . 



4- The Hamilton- Cartan forms of definition H split as 



nl = -del=fonf,j + dm^ = nlj+dm^ (28) 
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( Proof) 

1. As £^ = E£(7f^*a;), it suffices to prove that the Lagrangian energy is Fi2-projectable. 
Then, for every X € ker F>C*, using natural coordinates we have 

L(A-,EV . L(/«^)(||K--r„'<)-^) 



therefore E^ is F£-projectable, and so is £^ . 

2. It is immediate, taking into account that @c is F/^-projectable, and the first item of Propo- 
sition 

3. The existence is assured, since £^ is F£-projectable and the uniqueness because FCq is a 
submersion. 

Next we prove that Hg' is pQ-semibasic. As F£o is a submersion, for every y € J^E and u G 
^FCo{y)(Po)' there exist u € Ty{J^E) such that u = TyFCo{u) and, in addition, u S Vy(7f^) 
because 

Furthermore, £^ is vf^-semibasic, and hence 

= iiu)[£j{y)] = i(n)[(F/:SO(y)] = (FCoTFCoiyM^^^^o i^^oiy))] 

then, for every y G J^E and u G ypComiPo) we have i(u)(H^(F£o(y)) G ker (F/:o)p£^(g) = 
{0}, since FCq is a submersion. So Hq^ is pg-semibasic. 

4. Taking into account items 3 and 2, we obtain 

F/:s(e°v - O = F/:seOv - fc^^u^ = Fc^e^^ -£J = q^ = fcM 



and therefore Q.c = F/^qJI- too. Then the result follows because FC is a submersion. 



ha 



We can construct the above Hamiltonian density in an alternative way, as follows: 

Proposition 16 Let h^: P ^ P he a section of 5, and V a connection. Then, hj induces a map 
hj: P P defined by the relation jo o hJ = hJ o ]q. Therefore 

(jo o to o hj)*@ - (Jo o /i' o to o hs)*@ = 
and hence the splitting n28) holds. 
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( Proof) We have the following diagram 




V 



V 




P 



P 



7- 


7 Jo 

A' 


7- 


7 Jo 


P Jo 



Hp 



P 



Idp 



hi 



P 



Jo 



Mtt 

'-o 

6 

n 



n 



Taking into account the commutativity of this diagram, we have that every section h^ of 6 satisfies 
that 

fl O ig o h^ o FCq = TCq 



Then, bearing in mind the second item of Proposition 15 and (|27D, we have that 

F/:s[(io o ^0 o hjye - (jo o /i' o o hsTQ] 



(Jo o k ohjo FCo)*Q - (Jo o fl' olqo hg o FCqYQ 

(lq o Jo ohj o FCo)*@ - (jo o /i' o io o h^ o FCo)*Q 
(io o /i7 o JO o FCoT@ -Jjo o TCofQ 

(jooF£ore;,v -(joo^/:o)*e 

o 



and the result follows as a consequence of the third item of Proposition 15. 



The statement for the splittings of 0? and fi? is immediate. ■ 

Note that, once again, the use of both extended Legendre maps is necessary to obtain the 
Hamiltonian density in this way. 



Finally, in the almost-regular case, the Hamilton-Jacobi variational principle of definition 17 
is stated in the same way, now using sections of Pq: P M, and the form . So we look for 
sections ipo € Fc{M, P) which are stationary with respect to the variations given by V'ot = c^t ° i^o, 
where {at} is a local one-parameter group of any pQ-vertical vector field Z € X(P), such that 



d 
dt 



Then these critical sections will be characterized by the condition (analogous to Theorem ^) 



for every X° G X{P) 



(29) 



3.6 Equivalence between the Lagrangian and Hamiltonian formalisms 

One expects that both the Lagrangian and Hamiltonian formalism must be equivalent. As in 
mechanics, this equivalence can be proved by using the (reduced) Legendre map. 

First, using the Legendre map, we can lift sections of vr from to H as follows: 
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Definition 20 Let {J^E,Q,c) cl hyper-regular Lagrangian system, FC the induced Legendre 
transformation, (p: M ^ E a section of ir and j^cp-.M — > J^E its canonical prolongation to J^E. 
The Lagrangian prolongation of (/) to H is the section 



n 



// {J^E,Q,c) is an almost-regular Lagrangian system, the Lagrangian prolongation of a section 
(j): M ^ E to P is 

jl*(t>:=FCooj^4>-M 



Theorem 5 (Equivalence theorem for sections) Let {J^E,^lc) and (11, ilh^) be the Lagrangian and 
Hamiltonian descriptions of a hyper-regular system. 

If a section (j) S rc(-^) L]) is a solution of the Lagrangian variational problem (Hamilton princi- 
ple) then the section ijj = j^*4> '■= o j^cj) G Fc{M, 11) is a solution of the Hamiltonian variational 
problem (Hamilton- J acobi principle). 

Conversely, if a section ip G Tc{M, 11) is a solution of the Hamiltonian variational problem, 
then the section cp = o xjj £ Fc{M,E) is a solution of the Lagrangian variational problem. 



( Proof) Bearing in mind the diagram 

J'E 



FC 



n 




(30) 



If ^ is a solution of the Lagrangian variational problem then (j^cp)* i{X)Qjr = 0, for every X € 
X{J^E) (Theorem H]); therefore, as FC is a local diffeomorphism, 

= ij'cpri{x)nc = ij'^ri{x){FC*n^,) 

= (iV)*Fr(i(FC'^)^^hJ = {FCoj\ 



is a solution of the 

Hamiltonian variational problem. (This proof holds also for the almost-regular case). 



which holds for every X' e X(n) and thus, by Theorem ^ ip = FC o 



Conversely, let ip G rc(M, H) be a solution of the Hamiltonian variational problem. Reversing 
the above reasoning we obtain that (F£~^ o tp)* i(X)Qc = 0, for every X € X{J^E), and hence 
a = FC~^ o tp £ Fc{M, J^E) is a critical section for the Lagrangian variational problem. Then, as 
we are in the hyper-regular case, a must be a holonomic section [12], [36|, |53], a = j^cp, and since 
( ^0|) is commutative, cp = o ip £ Fc{M,E), necessarily. ■ 



Remarks: 



• Observe that every section ip: M ^ H which is solution of the Hamilton-Jacobi variational 
principle is necessarily a Lagrangian prolongation of a section (p: M ^ E. 
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• In the almost-regular case, if is a critical section of the Lagrangian problem, then ip 
FC o j^(p is a critical section of the Hamiltonian problem. Furthermore, F>C:j^0(M) 
FC{j^(j){M)) is a diffeomorfism because sections of tt^ are transversal to the fibres of FC 



As critical sections are integral manifolds of multivector fields |12|, |14] or, what is equivalent, 
Ehresmann connections [36|, |^^, then critical sections through different points in the 
same fiber of FC have the same image by FC 



On the other hand, we can prove the equivalence between the Lagrangian and Hamiltonian 
formalisms from the variational point of view. First, we need the following lemma: 

Lemma 4 Let (3 G Q'^{J^E) and f G C°°{J^E). For every differentiable section (f):U d M ^ E, 
the following conditions are equivalent: 

1. (jV)1/(vriM] = 
-1* 



( Proof) Trivially 1^2. 

Conversely, if we suppose 1 is not true, then there exists one section (jy-.U <Z M ^ E with 
{j^ (f))* [f {tt^* uj) — /?] 7^ and hence there is x G C/ and a closed neighbourhood V oi x vnU such 

that, taking 7: 1/ — > £' with 7 = (j)\y, then / [f {11^*00) - /3] / , so 2 is false. ■ 

Now, let V be a connection in vr: — > M, and let = E^ (vf^*^) be the density of Lagrangian 
energy associated with V and C Then: 



Theorem 6 The Lagrangian energy function is the unique function in J E verifying the following 
condition: for every section cp-.U C M ^ E, 

(iV)*[EZ(vfi*^)] = (jV)*(FrG,v -£) 

o 



( Proof ) (Uniqueness): Let / and g be two functions verifying this condition. Obviously 
- ff)(vfi*^)] = 0, but = - 9)i^'*u^)] = if - 5)(jV(^))(vri*a;), for every 

X G [/. Hence, (/ — g){j^(p{x)) = 0, and this implies f — g = 0, because every point in J^E is in 
the image of some section j^cp. 



(Existence): From (|24| ) we obtain 

(iV)*(F£*0;,v-£) = (iV)*[e£ + EX(^iM-^] 

o 

= (iV)*[i(V)d£ + £ + Ejin'*u;) - C] = (j' i^'* ^)] 

since (j^(/))*(i(V)d£) = (as can be proved by using expressions in coordinates). So, the energy 
function introduced in definition |l] satisfies this condition. ■ 

And this result leads to the following consequence: 
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Theorem 7 Let {J^E,Qc) o,f^d (11, l^hf) the Lagrangian and Hamiltonian descriptions of a 
hyper-regular system. Then, the Hamilton variational principle of the Lagrangian formalism and 
the Hamilton- Jacobi variational principle of the Hamiltonian formalisms are equivalent. That is, 
for every section (j) S Tc{M, E) we have that 



( Proof) The standpoint is the relation stated in Theorem]^ which, by Lemma ^, is equivalent to 
therefore, from this equality, and using ( |2^ ) and (|2^), we obtain 



It is important to remark the essential role played by the Lagrangian energy function in the 
proof of this equivalence. 

(The above results are generalizations of others in non-autonomous mechanics [l 



4 Hamiltonian formalism in the restricted multimomentum bun- 
dle JV*. Relat ion with the formalism in 11 



4.1 Hamiltonian systems 

The construction of the Hamiltonian formalism in J^vr* is posed, for the first time, in and the 
particular case of Hamiltonian systems associated with hyper-regular and almost-regular systems 
is stated in [37|. The procedure is essentially similar to that developed in section 3.1 for H. Next 



we sketch this construction, relating it with the above one in H. As we have proved the existence 
of the canonical diffeomorphism J^vr*, we can use it to prove the equivalence between the 

Hamiltonian formalisms in H and J^vr*. 



Definition 21 Consider the bundle r^: J^n* M . 

1. A section h^: J^tt* Mir of the projection n is called a Hamiltonian section of n. 

2. The differentiable forms 

eh,:=h;Q , n^^ := -dOh, = h;n 



are called the Hamilton-Cartan m and (m+1) forms of J^ir* associated with the Hamiltonian 
section /i^. 

3. The couple {J^ir* ,Qhfj,) is said to be a Hamiltonian system. 
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In a local chart of natural coordinates, a Hamiltonian section is specified by a local Hamiltonian 
function G C^{U), U C J^tt*, such that Hh^{x- ,y^,p'X) = {x'^,y^,p = -Hh^{x\y^ ,pl),p\). 
The local expressions of the Hamilton-Cartan forms associated with /i^ are similar to (|ll|), but 
changing by Hh^, and p^ by p\. 

For Hamiltonian sections of /x, we have a similar result to that in Lemma and so, if 
are two sections of ^u, then 

G,. - = hl*Q - hl*Q = r^*{hl -hD^n (31) 
is a f^-semibasic m-form in J^vr*. 

Definition 22 A -semibasic form TC £ l7"^(J^7r*) is said to be a Hamiltonian density in J^vr*. 

It can be written as Ti = H(r"'^ uj), where H G C°°{J^tt*) is the global Hamiltonian function 
associated with 7i and uj . 

If ( pID holds, then the relation between the global Hamiltonian function H associated with Ti, 
and the local Hamiltonian functions Hf^i^ , Hf^2 associated with /i^ and /i^ is H = Hf^i — Hi^2 (in an 
open set U). 

In this way we have the analogous result as in Theorem ^: 

Theorem 8 The set of Hamilton-Cartan m- forms associated with Hamiltonian sections of is an 
affine space modelled on the set of Hamiltonian densities in J^n*. 

Hence, if (J^vr*, O.^^) is a Hamiltonian system, we have that every Hamiltonian section h'^ ^ 
allows us to split globally the Hamilton-Cartan forms as 

The local expressions of these splittings are similar to (0), but changing Hf^/ by Hf^/ , and p^ by 
Pi- 

Now, if we have a connection V in vr: -E — > M, it induces a linear section hJ-.U — > J^E* of 6, 
and hence there exists another linear section h^: J^tt* — >■ Aiir of given by o = t,Q o hj 
(see 1^ for an alternative definition). Then, if G is the canonical m-form in i7"^(7W7r), the forms 

G,v := /iJ*G G f2'"(jV*) , J],v := -dG,v G ^2"^+1(JV) 

are the Hamilton-Cartan m and (m+ 1) forms of J^vr* associated with the connection V. Of course, 
a characterization of Q/^v can be stated in the same way as in (p!6[). The local expression of these 
Hamilton-Cartan forms associated with V is similar to (|17|). 

Therefore, given a connection V and a Hamiltonian section h^, from the above results we have 
that 

r'*(/ij - K) = /iJ*G - h;e = Q,v - G,^ := 

is a Hamiltonian density in J^vr*, which is written as Ti^ = H^ where H^ G C°°(J^7r*) 

is the global Hamiltonian function associated with Ti"^ and u. Then, the Hamilton-Cartan forms 
associated with /i^ split as 
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The local expressions of these splittings are similar to ([T^) , but changing H^. by , and p^ by 
Pa- 

If, conversely, we take a connection V and a Hamiltonian density TC, then making h"^ — TC we 
obtain a Hamiltonian section h^, since 7i: J^tt* Ain takes values in 7r*A'"T*M. Hence: 

Proposition 17 A couple (/i^,V) in J^vr* is equivalent to a couple (7^, V) (that is, given a con- 
nection V, Hamiltonian sections of and Hamiltonian densities in J^tt* are in one-to-one corre- 
spondence). 

Bearing in mind this last result, we have another way of obtaining a Hamiltonian system, which 
consists in giving a couple (7^, V). In fact: 

Proposition 18 Let V be a connection in n: E ^ M , and Ti a Hamiltonian density. There exists 
a unique Hamiltonian section of fi such that 

Qh, = QhJ-n , ^h, = -dQh, = ^hJ+<m (32) 

Concerning field equations, observe that diffeomorphisms in E (and hence vector fields in E) 
can be lifted to J^vr*, for instance, lifting them to H (see definitions ^ and [l^) , and translating 
them to J^vr* using the diffeomorphism ^. Hence, for a Hamiltonian system ( J^vr*, we can 

set the Hamilton-Jacobi variational principle as in definition p!7[ ( but with the form instead of 
ri/j^ ) , and state the same results and comments as in Theorem 

Hamiltonian systems in H and J^vr* are equivalent. In fact; as a first result we have: 

Proposition 19 Let V he a connection in tt: E ^ M , and H and Ti Hamiltonian densities in H 
and J^TT* , respectively, such that 1^*H = T[. Then 



( Proof ) The proof is based in the following fact: 

e,v = hj*e = (.0 o hj o q^ye = ^*{io o hjye = ^*e,v 

and the result is immediate. ■ 

And therefore, as a direct consequence of Propositions |6| and we can set the relation between 
the Hamiltonian systems in H and J^vr*: 

Theorem 9 Every Hamiltonian system (H, 0,^^) is equivalent to a Hamiltonian system (J^ir*, 0,^^), 
and conversely. 

At this point, we can study the relation between the set of connections V in the bundle vr: — > 
M, and the sets of linear (Hamiltonian) sections of the projections fi: Mtt — > J^vr* and 6: J^E* — > H: 
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Theorem 10 The map V i-^ is a bijective affine map between the set of connections in the 
bundle n: E ^ M and the set of linear (Hamiltonian) sections of the projection /i: Ain — > J^vr* or, 
what is equivalent, the set of linear (Hamiltonian) sections of the projection 6: J^E* — > 11. 



( Proof ) Let the projection /i: A'^T*^ A^T* E / A'^T* E , and the set of linear sections of ^ 

r(/i) := {£GL(jV,A™T*i?) , ^o£ = Idji,.} 

which is an affine bundle modeled on the vector bundle 

(J^TT*)* ^A^T*E ~ (7r*TM® V*(7r) 7r*A'"T*M)* ® A[}*T*S 

= TT*T*M (g) V(7r) 7r*A™TM (g) A1^T*E ~ 7r*T*M ® V(7r) 

But this last bundle is just the vector bundle on which the affine bundle of the connection forms 
in vr: — > M is modeled. Then the result follows. 

Finally, the equivalence with the set of linear (Hamiltonian) sections of the projection 5: J^E* — > 
n) is proved by taking into account that every linear section of 5 is associated with a connection 
V, since this linear section defines a linear map from V * (vr) to T*E, and hence a projection 
TE V(7r) (that is, a connection). ■ 



4.2 Hamiltonian system associated with a hyper-regular Lagrangian system 

The procedure is analogous to that in Section ^ (see also diagram (^)). Let {J^E,Q,c) be a 
hyper-regular Lagrangian system, then: 

Definition 23 Let h^: J^vr* A4tt be the section of ^ given by 

which is a diffeomorphism connecting J^n* and J-C{J^E) (observe that it is just the inverse of fi 
restricted to TC{J^E)). We define the Hamilton- Cartan forms 



Proposition 20 The Hamilton- Cartan forms satisfy that 

Then (J^7r*,0h ) is the (unique) Hamiltonian system associated with the hyper-regular Lagrangian 
system {J^E, ^c)- 



( Proof ) We have the diagram 
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Taking into account the commutativity of this diagram, and proposition |2|, we have 

TC*ei,^ = J^£*h*e = = @c 

and the same result follows for l^h^- 

Using charts of natural coordinates in J^vr* and Mtt, and the expression (||) of the Legendre 
map, we obtain that the local Hamiltonian function H-^^ representing this Hamiltonian section is 



and the local expressions of the corresponding Hamilton-Cartan forms are 

Gh^ = p:4d/Ad™-ix,-(p:4^/:-i*t;^-^£-i'i:)d™x 

VL^^ = -dp^ A d/ A dT-^x^ + d{p\J'C-^*v^ - TCr^* £) A d™a; 

We can construct this Hamiltonian system using connections. Thus, if V is a connection in 
-k: E M, and h'^ is the linear Hamiltonian section of associated with V, following the same 



pattern as in Proposition 11, we can prove: 



Proposition 21 1. The m-form J^C*Qf^v — Qc is -semibasic and 

rCQj^j -ec = £l 

2. There exists a unique Hamiltonian density Ti^ € i7'"( J-'^vr*) such that 

T£*n^ = J'CQhV -Qc = £c (34) 

Then there exists a function G C°°(Ji7r*) such that Ti^ = H^{f^*uj). 

rC^ and are called the Hamiltonian density and the Hamiltonian function associated with 
the Lagrangian system, the connection V and lo. 



3. The Hamilton- Cartan forms of definition |^ split as 

^h, = -dGh, =17,v+dW^ (35) 

We can obtain this Hamiltonian density using only Hamiltonian sections. In fact: 

Proposition 22 1. Consider the Hamiltonian section h^ := J^C oTL^^ , and a connection V. 
Then we have 

h^*e - h* e = n"^ 



and hence the splitting (35) holds. 



( Proof ) We have the diagram 



J^Vr* J^TT* J^TT* 
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The first item is a consequence of tlie tliird item of Proposition ^. For the second item, taking into 
account definition |8| and ( 32 ) , Proposition |2|, and (|3^ ) , we have 



hY*Q-Ke = e, 



Then the result for the Hamilton-Cartan forms follows immediately. 



Of course, all the results stated in section concerning to the variational principle and the 
characterization of critical sections are true, and the local Hamiltonian function iJh^ appearing in 
the Hamilton-De Bonder- Weyl equations is given by (p3|). 

Finally, the equivalence between the Hamiltonian formalisms (in H and J^vr*) associated with 
a hyper-regular Lagrangian system, and between the Lagrangian formalism and the Hamiltonian 
formalism in J^vr* is given by the following: 

Theorem 11 Let (J^E,Q,c) be a hyper-regular Lagrangian system. Then 

and hence its associated Hamiltonian systems (H, Oh^) and ( J^vr*, rih^) o'^e equivalent. 



( Proof ) It is immediate. Observe also that the sections h^ and h^ are equivalent, by the com- 
mutativity of diagram (^) . ■ 



Observe that, as J-C is a diffeomorphism, we also have that ^*'E^ = H 



4.3 Hamiltonian system associated with an almost-regular Lagrangian system 

The procedure is analogous to that in Section |3.5| (see also diagram (^)). Now, (J^i?, il^) is an 
almost-regular Lagrangian system, and the submanifold jq'.V ^ J^vr*, is a fiber bundle over E 
(and M). The corresponding projections will be denoted hy Tq:V ^ E and fg : 'P — > M, satisfying 
that T"*^ o Jo = Tq and o jg = Tq . 

Taking into account Proposition ^, and following the same pattern as in Propositions we 
can prove that the Lagrangian forms Qc and 0,c are .7^£-projectable, and then: 

Definition 24 Given the diffeomorphism h^ = we define the Hamilton- Gartan forms 

el =h*e ; nl =ii*n 



Proposition 23 The Hamilton- Gartan forms satisfy that 

Then ( J^vr*, "P, il? ) is the (unique) Hamiltonian system associated with the almost-regular La- 
grangian system {J^ E,Q,c)- 
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( Proof ) In fact, taking into account the commutativity of diagram (^), and proposition ^, we 
have 

T£*o&l = ^^oijo o h^ye = (jo o h^ o ^£o)*e = (jo o ^o)*e = Tc*e = Qc 



and the same result follows for Q^i 



We can construct this Hamiltonian system using a connection. Thus, let V be a connection 
in 7r:£^ ^ M, and hY: J^vr* Mtt the induced linear section of /i. Let € f2"^{J^E) be the 



density of Lagrangian energy associated with V. Then, as in Proposition 15 we can prove: 



Proposition 24 1. The -semibasic m-form J^C*Qf^v — Qc is J^C-projectable and, i/0?v = 
Jo@hJ, then 

ej = TCQ^j -Qc = ^FClQlj - Qc 

2. There exists a unique TQ-semibasic form Ti^ € i7™('P), such that TCq7{q = £^ . Then, there 
is a function Hq G C^[V) such that TCq = Hq (fQ*a;). Obviously we have that TCqH'q = 
EX. 

T-Cq and H'q are called the Hamiltonian density and the Hamiltonian function associated with 
the Lagrangian system, the connection V and lo. 



3. The Hamilton- Cartan forms of definition 24 split as 

nl = -dQl =fon,,v + dn^ = nl^ + dn^ (36) 



We can obtain this Hamiltonian system in the following equivalent way: 

Proposition 25 Consider the map h^, and a connection V. Then /ij induces a map h^'-V —>■ V, 

defined by the relation jq o = h'^ o jq. Therefore 

{jooh^rQ-ijoohsrQ = nj 

and hence the splitting ( fg^j holds. 
( Proof ) We have the diagram 




The first part of the statement is a consequence of the fact that /i is a diffeomorphism. For the 
second part, taking into account the commutativity of this diagram, and bearing in mind the first 
item of Proposition ^ and Proposition we have 

TC^o-H^ = ^£S[(Joo^^)*e-(jooh5re] = .F/:se°v-^/:Sh;:jS0 

= ^£S0°v - TC*Q = £j + Qc-Qc = £c 
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and the result follows as a consequence of the above Proposition. The last statement is immediate.B 

Of course, the result stated in ( [29| ) concerning to the variational principle and the characteri- 
zation of critical sections holds in the same way. 

Finally, the equivalence between the Hamiltonian formalisms (in 11 and J^vr*) associated with 
an almost-regular Lagrangian system, and between the Lagrangian formalism and the Hamiltonian 
formalism in J^vr* is given by the following: 

Theorem 12 Let {J^E, be an almost-regular Lagrangian system. Then 

and hence its associated Hamiltonian systems (H, P, ri? ) and {J^ir* ,V,Cl^ ) are equivalent. 
( Proof) First, we have the following relation 

Furthermore, as FCq = o TCq, we have that 
since J-Cq is a submersion. (In the same way 

!Z^o*H^ = H^)- Therefore, "^o^l^ = , and hence 

" hi hp 

Observe also that the section h^ of /x and the family of sections h^ of 5 (given in Proposition 
|l^ ) are equivalent, by the commutativity of diagram (P). ■ 



5 Examples 

5.1 Non-autonomous Mechanics 

The jet bundle description of time-dependent mechanical systems (see, for instance, and jl^) 
takes M = K, and = R x Q, where Q is a A^-dimensional manifold (and thus vr: R x Q ^ M is 
a trivial bundle). Then J^S = R x TQ. Natural adapted coordinates are denoted by {t,q^,v^). 
Lagrangian densities are written C = £dt, where £ € C°°(Rx TQ) is a time-dependent Lagrangian 
function. 

Next we will identify the different multimomentum bundles. First observe that, as TM ~ R x R, 
we obtain 

A™T*M = A^T*M ~ R X R* 

Therefore we have: 

Generalized multimomentum bundle : Observe that 

7r*TM = 7r*(R X R) ~ (R X Q) xj^ (R X R) ~ R X Q X R 
T*E = T*(R X Q) = T*R X T*Q 
7r*A™T*M ~ RxQxR*~Qx T*R 
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J^E* := 7r*TM X£;T*£; X£;7r*A™T*M = (M X Q X M) X(R^Q) (T*]R X T*Q) X(RxQ) (g X T*R) 
~ (E X Q X M) X(R^Q) (T*M X T*Q) X(Kxq) ((^ x Q) x »*) - T*R x T*Q ~ T*(R x Q) 

Notice that dim J^E* = 2N + 2. 

Reduced multimomentum bundle : As V*(7r) = M x T*Q, we have that 

n := 7r*TM X£;V*(^) XB7r*A™T*M = (R X Q xR) X(K^Q) (M X T*Q) X(K^Q) (Q X T*M) 
~ (M X Q X M) X(K^Q) (T*M X T*Q) x^j^^q) ((M x Q) x M*) ~ M x T*Q 

and dim 11 = 2iV + 1. 

Extended multimomentum bundle : Now we have 

M-K := A'['T*E = A\T*E = A\T*E ~ T*E ~ T*(R x Q) ~ T*R x T*Q 
with dim Mn = 2N + 2. 

Restricted multimomentum bundle : Observe that N^T*E = KIT*E = (R x Q) x M* and then 
jV* := Mt:/K^T*E ~ (T*R x T*Q)/(R x Q x R*) ~ R x T*Q 
with dim J^vr* = 2iV + 1. 

Comments: 

• It is interesting to point out that in the Hamiltonian formalism of non-autonomous mechanics, 
M ~ M X T*Q and J^vr* ~ R x T*Q make the canonical diffeomorphism between the gener- 
alized and the extended multimomentum bundle evident. They correspond to the so-called 
extended momentum phase space of the symplectic formulation of time-dependent systems 
1 34], |48|. As a consequence, the generalized and the (first) extended Legendre maps are 



really the same. 



• The case of singular (almost-regular) time-dependent mechanical systems has been extensively 
studied in this context in M, [Eol. 



5.2 Electromagnetic field (with fixed background) 

In this case M, is space-time endowed with a semi-Riemannian metric g, E = T*M is a vector 
bundle over M and vr: T*M — > M denotes the natural projection. Sections of vr are the so-called 
electromagnetic potentials. Using the linear connection associated with the metric g, one assures 
that J^E T*M is a vector bundle and, since YE = tt*T*M, we have J'^E = 7r*T*M(g)£;7r*T*M. 

Let c/):M^ T*M be a section of vr. Then f(l):M it*T*M x it*T*M is just jV = T(/> 
(observe that j^<p is a metric tensor on M). Now, considering y E J^E, and (/): M — > T*M being a 
representative of y; we have that the Lagrangian density is 

where || || denotes the norm induced by the metric g on the 2- forms on M, and dVg is the volume 
element associated with the metric g. Observe that d4> is the skew-symmetric part of the matrix 
giving T(/> or, in other words, the skew-symmetric part of the metric T^ on M. 
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For simplifying calculations, we take M 



and the metric is 

TTd3\ /TTD^ TT1>3*^ 



+ +. Then^; 



1^ X and 



')x(l 



with dim J^E = 15. Coordinates in J^E are usually denoted {x'^,A',vl), with z^, j = 0, 1,2. The 
coordinates {A^^A^) constitute the vector potential and is the scalar potential. Then, locally 

(f) = (pr^dx^, and therefore j^cp = -^-^dx'^ (8) dx^ . It is usual to write (j) in the form A = Sj^A^dx'^ 

and d^ = Sjrjvldx"^ A dx'^ is the Kronecker's delta). Then, in natural coordinates we have the 
following expression for the Lagrangian function 



£ 



,0\2 



.0\2] 



Obviously, this is a singular Lagrangian, since its Hessian matrix 
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is singular (its rank is equal to 3). 

Next we study the several Legendre maps associated with this system. As we know, all of them 
leave the coordinates [x^ , A^) invariant, thus we will write the relations only for the multimomentum 
coordinates. 

Generalized Legendre map: The generalized multimomentum bundle is 



J'E* = {M? X K^*) X (K^ (8 ( 



T)3* \ 



A 



3ttt}3* \ 



Prom (|T|) we have 

F£*pO = 
F£pi = 
F£*pg = 







YC p1 
F2*pf 







and for the additional multimomentum coordinates (pj^ in (|l| 



RC*pO 







F£plj-2. 

YC*vl = \{v\{vl-vl)+vl{vl-v^)) 
frt>\ = -\{vl{vl-v^)+vl{vl-vl)) 
'PC:Y>l = -\{vl{vl-v'i)-vl{vl-vl)) 



F£ p? 
F£ pi = 
¥C pi = 
F2*pf = 



4) + vl{vl-vl)) 
+ vl{vl-vl)) 
+ vl{vl 
-v\{vl 



^2 



4)) 



.0) 



vliA-vi)) 



We have the Hamiltonian constraints 



e4^pO + pl = 



13 ^ p2 = 
|6 ^ pi + p2 ^ 
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and the additional ones 

f - pgp?(pg + p}-2(pi)2)) + (pg)^pj + (p?)2p^ 

f - P^P?(pUpi-2(p^)^)) + (p^)^pg + (p?)^P^ + pg(p?P^-pJ^^^ 

f - P^P^(p}-pi-2(p?)^)) + (pg)^P^-(pJ)^P? + P?(pgp^-pJp^^ 

which define locally the submanifold P in J^E*. 

Observe that dim P = dim J^E, as rank F/3=k is maximal. Then, taking into account the 
commutativity of diagram (|9|), we can conclude that, for this system, the degeneracy is on the 
fibers of the projection 5. 

Reduced Legendre map: The reduced multimomentum bundle is 

n = (M^ X M^*) X (M^ (g) (g) A^M^*) 

For the reduced Legendre map the results are the same as for the restricted Legendre map, but 
changing the multimomentum coordinates by p^. So, from (|2|) we obtain 

F/:*pO = F/:*p? = -Uvh-v°i) F/:*pO = -^v^-v^^) 

F£*pi = i^-z;?) FC*pI = FC*pl = -Uvl - vf) 

{FC is a submersion onto its image, and hence the system is almost-regular). 
Now we have the same Hamiltonian constraints 

^1 ^ po = e^p\ = o e^pi = o 

^4 ^ pO + pi = ^5 ^ pO + p2 ^ ^6 ^ pi + p2 ^ 

which define locally the submanifold P in H. Observe that, as these constraints are conditions of 
skew-symmetry, we have that 

P = FC{J'^E) = -K*{A{R^) (g) A3(r3*)) 

where ^(R^) denotes the bundle whose sections are the 2-contravariant skew-symmetric tensor 
fields on R^. Note also that P is not diffeomorphic to P. 

First extended Legendre map: The extended multimomentum bundle is 

Mtt = (M^ X R^*) X Al{R^ X r3*) 

From (Q) we obtain that 

and the additional relation 

rC*p = -'-[{vl - vlf - {vl - vlf - {vl - vlf] ^ -2£ 
The corresponding Hamiltonian constraints are 

X^=Pi+Po = X^=P2+Po = X^=P2+Pl = 
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and the additional one 

All of them define locally the submanifold V in Mir. 

Second extended Legendre map: From (^) we obtain that 

and the additional relation 

tTp = -\[{vl - vjf - [vl - vlf - {vl - v^f] = -£ 

and the Hamiltonian constraints are now 

= Po = x^=p\ = Q x^=pI = q 

X^=p\+pI = ^ r'=P2+Pl = ^ X^=P2+Pi = 

and the additional one 

All of them define locally the submanifold V in Alvr. Note that the last constraint identifies the extra 
coordinate p with the Hamiltonian function which, for this system, is H = — — ((pi)^ — (Po)^ ~ (Po)^) 

Restricted Legendre map: The restricted multimomentum bundle is 
From @ we obtain 

^£>g = ^£>? = -Uvl-vf) TL*p\ = -\{vl-v\) 

TL*p\ = \{vl-vl) TL*p\ = J^C*pI = -^v^ - vf) 

tc*pI = \{vl-vl) TC*pi = \{vl-vl) rc*pl = 

Hence we obtain the following set of Hamiltonian constraints 

=pI = q =p\ = ^ =pI = ^ 

= Pi + Po = =P2+pI = ^ X^ =P2+Pi = ^ 

which define locally the submanifold V in J^ir*. 

Observe that, for this example, 

rank FC^ = rank TC^ = rank TC^ = rank TC^, 
and the submanifolds P,V,V and V are, in fact, diffeomorphic. 



6 Conclusions 



We have studied the Hamiltonian formalism for first-order Classical Field theories in the context 
of multisymplectic manifolds, taking different choices of multimomentum bundles as phase spaces, 
in particular the bundles H and J^n* . 
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First we have reviewed the construction of these and other auxihary multimomentum bundles 
(J^E* and Ain), as weh as the definition of suitable Legendre maps when all these bundles 
are thought of, in a certain sense, as the dual bundles of a Lagrangian system {J^E, O^). The 
key result is the existence of a canonical diffeomorphism between 11 and J^vr*. (See section 



In order to state the Hamiltonian formalism on 11 and J^vr*, some additional geometric ele- 
ment is needed for obtaining the Hamilton-Cartan forms from the canonical forms which J^E* 
and A^vr are endowed with. In particular, we can take sections of the projections 6: J^E* — > 11 
and jj,: Adir — > J^vr*, (which are called Hamiltonian sections, and are the elements carrying 
the "physical" information in this construction), which allows us to pull-back the canoni- 
cal forms from J^E* and A^vr to 11 and J^vr* respectively. These are the Hamilton-Cartan 
forms which define the Hamiltonian system. Hamiltonian sections are associated with local 
Hamiltonian functions, which appear explicitly in the local expression of the corresponding 



Hamilton-Cartan forms. (See sections 3T and 4.1). 



• A relevant result is that different choices of Hamiltonian sections of S may lead to the same 
Hamilton-Cartan forms in H, and this allows us to establish an equivalence relation in the 
set of sections of the projection 6. Then, using the diffeomorphism ]F between H and J^vr*, 
it is proved that there is a one-to-one correspondence between sections of and classes of 
equivalent sections of 6. Therefore, the Hamilton-Cartan forms in H and J^vr* are !P'-related 
and hence, Hamiltonian systems in H and J^ir* are equivalent. (See sections 3.1 and 4.1). 



Furthermore, another one-to-one correspondence exists between the set of connections in the 
bundle E — >■ M, and the set of linear sections of the respective projections 6 and /x. (See 



sections and |4.l| ) 



• The difference between two Hamilton-Cartan m-forms defined by Hamiltonian sections is a 
semibasic m-form which is called a Hamiltonian density. Hence the set of Hamilton-Cartan 
forms can be thought of as an affine space modelled on the module of Hamiltonian densities. 
As a particular case, Given a connection, (classes of) Hamiltonian sections and Hamiltonian 
densities are in one-to-one correspondence. As a consequence of this fact, a Hamiltonian 
system can be also constructed starting from a Hamiltonian density and a connection. (See 
sections and |4J 



• The field equations of the Hamiltonian formalism can be derived from the so-called Hamilton- 
Jacobi variational principle. Different but equivalent ways of characterizing the critical sec- 
tions by means of the Hamilton-Cartan forms are shown. In particular, in natural coordinates 
of the multimomentum bundles H or J^vr*, these sections are obtained as solutions of a lo- 
cal system of first-order partial differential equations, which are known as the Hamilton-De 
Donder-Weyl equations. Nevertheless, as the Hamiltonian function appearing in the local 
expression of the Hamilton-Cartan form is local, these equations are not covariant. Then, for 
obtaining a set of covariant equations, we must introduce a Hamiltonian density, and so a 



global Hamiltonian function. (See section 3.3 ). 



• The question of associating a Hamiltonian system to a Lagrangian one is also analyzed, both 
in the hyper-regular and the almost-regular cases. We can define this Hamiltonian system in 



three equivalent ways (see sections |3.5| , |0| and ^) : 



Using a natural Hamiltonian section, which is defined using the Legendre maps, for 
obtaining the Hamilton-Cartan forms. These forms are related to the Poincare-Cartan 
forms of the Lagrangian formalism, through the Legendre map. 

Using a connection, the density of Lagrangian energy of the Lagrangian formalism can 
be defined. Then, we construct a Hamiltonian density as the only semibasic m-form 
which is related to it by means of the suitable Legendre map. 
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— This last Hamiltonian density can be obtained from a connection and the above natural 
Hamiltonian section. In this case, the extended Legendre maps must also be used, and in 
particular, for the construction in the reduced multimomentum bundle H, both extended 
Legendre maps are needed (in the hyper-regular and in the almost-regular cases). This 
fact would justify the introduction of two extended Legendre maps. 

• As an additional result, in the hyper-regular case, the equivalence between the Lagrangian and 
the Hamiltonian formalism is proved from a double point of view: showing the equivalence 
between the sections solution of the Lagrangian and Hamiltonian problems, and proving the 
equivalence of the Lagrangian and Hamiltonian variational principles. This equivalence is 
only partially proved in the almost-regular case. (See section |3.6| ). 



A Geometrical structures in first-order jet bundles 

(See 0, H and @]). 

Let -k: E —I- M he a fiber bundle (dim M = m, dim E = N + m), and vr^: J^E —>■ E the 1-jet 
bundle of local sections of vr, which is also a differentiable bundle on M with projection vf^ = vr. If 
{x'^ ,y^) (with u = 1, . . . ,m; A = 1, . . . , N) is a local system of coordinates adapted to the bundle 
-it: E ^ M, then we denote by {x'^,y^,v^) the local system of coordinates induced in J^E. 

Let (j): M ^ E he a section of n, x £ M and y = (j){x). The vertical differential of the section (j) 
at the point y (z E is the map 

d-cP : TyE VyiTT) 

u I — > u — Ty{(j) o tt)u 

Then, considering y E J^E with y y t—f x and u € TyJ^E. The structure canonical 1-form of 
J^E, denoted by 9, is defined by 

e{y;u) := {dl^){Ty7r\u)) 

d 

where cpis a representative of y. Its expression in a natural local system is 6 = {dy^ — v^dx'^) <^ 

. t/ IS an element of n^{J^E)(g)jiET{J^E,TT^*Y{TT)); then it can be thought of C°°(ji£;)-linear 
map e:T{J^E,Tr^*Y{TT))* — > Q^{J^E). 

Consider the canonical isomorphism 5^: T^i^-^M (g) V^i(y)(7r) — > ^yiT^"^) which consists in 
associating to an element a (g) f G Ttij.-^M ® V^i(j^)(7r) the directional derivative in y with respect 
to a®v. Taking into account that a®v acts in JyE by translation, we have 

Sy{a ® V) := Da,^^{y): f ^ lim 

for / G C°°{JyE). Then we have the following isomorphism of C°°( J^i?)-modules 

5:r(jiS,7fi*T*M(g)7ri*V(7r)) — > T{J^E,V{-k'^)) 

which is called the vertical endomorphism S. (r(^, B) denotes the set of sections of the projection 
A B). Notice that S G T{J^E, {tt^*Y{tt))* V(7ri) 7f^*TM) (where all the tensor products 
are on C°°{J^E)). Then, another vertical endomorphism V arises from the natural contraction 
between the factor T{J^E, {tt^*Y{tt))*) of S and the factor T{J^E,tt^*Y{tt)) of 9: 

V = i{S)e G Q\J^E) ® r{J^E, Y{tt^) g) 7f^*TM) 
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so it is a morphism 

V:r(J^£;,V*(7r^)®7f^*T*M) — > n\j^E) 
S can also be thought of as a morphism 

5:r(J^£;,V*(7r^) ®7f^*T*M) — > T{J^E, (7f^*V(7r))*) 

As every connection V omr: E ^ M gives an injection V: r{J^E, (7f-'-*V(7r))*) ^ f2^{J^E), then 
it makes sense to define 

■= V" o S: r{J^E, V*(7r^) ® 7f^*T*M) — > Q^{J^E) 
As a consequence of the foregoing, the operation — V is meaningful. 

In a natural system of coordinates the local expressions of all these elements are 

^A^ d ^ d 



dv^ dx 



V 



V = (dy^ - v^dx""^ ( 
5^ = (dy^-F^Ax^) 



d d 



d d 



dv^ dx'^ 



where {C,"^} is the local basis of r(J^£', 7r^*V(7r))* which is dual of |^-;4| , and are the 



component functions of the connection V. 
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